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Abstract 

We show that BTZ black hole solution of Cosmological Topological 
Massive Gravity (CTMG) have a hidden conformal symmetry. In this 
regard, we consider the wave equation of a massless scalar field propa- 
gating in BTZ spacetime and find the wave equation could be written 
in terms of the SL{2, R) quadratic Casimir. From the conformal co- 
ordinates, the temperatures of the dual CFTs could be read directly. 
Moreover, we compute the microscopic entropy of the dual GET by 
Cardy formula and find a perfect match to Bekenstein-Hawking en- 
tropy of BTZ black hole. Then we consider Glilean conformal algebras 
(GGA), which arises as a contraction of relativistic conformal alge- 
bras {x —?' ex, t —i' t, e —i' 0). We show that there is a correspondence 
between GCA2 on the boundary and contracted BTZ in the bulk. For 
this purpose we obtain the central charges and temperatures of GCA2 . 
Then we compute the microscopic entropy of the GCA2 by Gardy for- 
mula and find a perfect match to Bekenstein-Hawking entropy of BTZ 
black hole in non-relativistic limit. The absorption cross section of a 
near region scalar field also matches to microscopic absorption cross 
section of the dual GCA2. So we find further evidence that show 
correspondence between contracted BTZ black hole and 2-dimcnsional 
Galilean conformal algebra. 
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1 Introduction 



Recently, there has been some interest in extending the AdS/CFT corre- 
spondence to non-relativistic field theories [1], [2]. The Kaluza-Klein type 
framework for non-relativistic symmetries, used in Refs. [1], [2], is basi- 
cally identical to the one introduced in [3] (see also [1]). The study of a 
different non-relativistic limit was initiated in [5], where the non-relativistic 
conformal symmetry obtained by a parametric contraction of the relativistic 
conformal group. Galilean conformal algebra (GCA) arises as a contraction 
relativistic conformal algebras [S] , [B] , where in 3 -|- 1 space-time dimensions 
the Galilean conformal group is a fifteen parameter group which contains 
the ten parameter Galilean subgroup. Infinite dimensional Galilean con- 
formal group has been reported in [6], the generators of this group are : 
L" = -(n + - f'+^dt, Mf = f'+^di and J^- = -f^^Xidj - xjdi) for 

an arbitrary integer n, where i and j are specified by the spatial directions. 
There is a finite dimensional subgroup of the infinite dimensional Galilean 
conformal group which generated by (Jij, L^^, L^, M^^ , M^). These gener- 
ators are obtained by contraction ( t — t, — )■ exj, e — )• 0, t^j ~ e ) of the 
relativistic conformal generators. Recently the authors of ^ (see also ^) 
have shown that the GCA2 is the asymptotic symmetry of CTMG in the 
non-relativistic limit. They have obtained the central charges of GCA2, and 
also a non-relativistic generalization of Cardy formula. In the present paper 
we obtain similar result by another method. But our aim in this paper is 
more than this. We show that the BTZ black hole solution of CTMG have 
a hidden conformal symmetry, not only in the relativistic case, but also in 
the non-relativistic case. We show that for massless scalar field, in non- 
relativistic CTMG there exist a finite Galilean conformal symmetry acting 
on the solution space. According to our knowledge this is the first paper that 
study the hidden conformal symmetry for a black hole in the non-relativistic 
case. 

Recent investigation on the holographic dual descriptions for the black 
holes have achieved substantial success. According to the Kerr/CFT cor- 
respondence [9], the microscopic entropy of four-dimensional extremal Kerr 
black hole was calculated by studying the dual chiral conformal field theory 
associated with the diffeomorphisms of near horizon geometry of Kerr black 
hole. Subsequently, this work was extended to the case of near-extreme black 
holes [10] . The main progress are made essentially on the extremal and near 
extremal limits in which the black hole near horizon geometries consist a 
certain AdS structure and the central charges of dual CFT can be obtained 
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by analyzing the asymptotic symmetry following the method in or by 
calculating the boundary stress tensor of the 2D effective action [12]. Re- 
cently, Castro, Maloney and Strominger [13j have given evidence that the 
physics of Kerr black holes might be captured by a conformal field theory. 
The authors have discussed that the existence of conformal invariance in 
a near horizon geometry is not necessary condition, instead the existence 
of a local conformal invariance in the solution space of the wave equation 
for the propagating field is sufficient to ensure a dual CFT description (see 
also [H]). The scalar Laplacian in the low frequency limit could be written 
as the SL{2,R) quadratic Casimir, showing a hidden SL{2,R) x SL{2,R) 
symmetries. In the microscopic description, using the Cardy formula for the 
microscopic degeneracy, they reobtain the Bekenestein-Hawking entropy of 
the black hole. 

In the present paper we investigate the massless scalar wave equation in 
the background of BTZ black hole solution of CTMG and show the wave 
equation can be written in terms of SL(2,R) Casimir invariants. From the 
conformal coordinates introduced in [9] , we read the temperature of the dual 
CFT. The microscopic counting support this holographic picture. Then we 
consider the non-relativistic limit of both side of this correspondence, i.e, 
the non-relativistic limit of 2D CFT which give us GCA2 from one side, 
and non-relativistic limit of CTMG which give us contracted BTZ from 
another side. For this purpose we obtain the central charges and tempera- 
tures of GCA2- Then we showe that the radial part of Klein-Gordon (KG) 
equation in the background of contracted BTZ black hole, where {j — )• ej, 
ip — )• €</?), can be given by the non-realtivistic limit of quadratic Casimir 
of SL{2,R). We could read the GCA2 temperatures from the correspon- 
dence of radial part of non-relativistic KG equation and Casimir of GCA2- 
Then we compute the microscopic entropy of the GGA2 by Cardy formula 
and find a perfect match to Bekenstein-Hawking entropy of contracted BTZ 
black hole. After that in section 4, we compute the absorption cross section 
of a near region scalar field and find perfect match to the microscopic cross 
section in dual GGA2. These results supports the idea of a correspondence 
between contracted BTZ black hole and dual Galilean conformal algebra in 
2— dimension. 

2 Massless Scalar field in the background of CTMG 

In this section we introduced the idea of the hidden conformal symmetry into 
the CTMG, and obtain the Virasoro algebras as a local symmetry of massless 
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scalar fields propagating in the BTZ black hole background. The existence 
of the 2-dim CFT behind the asymptotically AdS^ spacetime, including the 
BTZ black hole solutions, was already pointed out by using the Brown- 
Henneaux's method, see [llj for the case without the gravitational Chern- 
Simons term, and jl5j for the case with the Chern- Simons term. 
We show that for massless scalar field <I> propagating in the background of 
cosmological topological massive gravity (CTMG), there exist a SL{2, R)lX 
SL{2, R)ji conformal symmetry acting on the solution space. The BTZ 
space-time is given by the line element [7] 

ds^ = (-/(r) + -^^)df + ^ + r^dip^ + SGjdtdif (1) 



where 



r2 WG^f. 



f{r) = {-,-8GM + 



which is solution of the Einstein equation. The event horizons of the space- 
time are given by the singularities of the metric function which are the real 
roots of r2/(r) = 0. In the above metric G, j, M and —p are gravitational 
constant, rotational parameter, mass of black hole and cosmological constant 
respectively. But their definitions in CTMG are 

1 7 1 

M = m + -^ J = j + -m (3) 

where ^ is coupling constant of gravitational Chern-Simons term. Now we 
consider a bulk massless scalar field $ propagating in the background of (1). 
The Klein- Gordon(KG) equation 

□«> = -^d^i^g^'d,)^ = (4) 

can be simplified by assuming the following from of the scalar field 

r, e, if) = exp{-irrnp + iojt)S{e)R{r) (5) 
and for / = 1 is reduced to the following equation 

[du{Adu) + -[ , ^ ^ - ±^Mu) = 6 

where 

A = uf{u) u = u± = r'j^ (7) 
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and 

r± = ^2G(m + j) ± ^2G(m - j) (8) 

We can show that this equation can be reproduced by the introduction of 
conformal coordinates. We introduce the conformal coordinates 191. 



^+ = r ^+ exp(27rrH^ + 2nRt) (9) 
y u — U- 



/M — !f±exp(27rrL(/? + 2nLt) (10) 

U — U- 



y= ^+ ^ exp(7r(rfi + Tl)(^ + (ni? + ni)t) (11) 

V U — U- 

We define left and right moving vectors by 

Hi = d+ (12) 



Ho = {u+d+ + ]^ydy), (13) 



H_i = {{uj+fd+ + io+ydy - y^d^) (14) 
Hi = d- (15) 



Ho = {oJ-d- + ^ydy) (16) 



H^i = {{oj-fd-+uj-ydy-y^d+) (17) 
which each satisfy the SL{2, R) algebra 

[^0, H±i] = tH±i, [H^i, Hi] = -2Ho (18) 

and 

[Ho,H±i] = tH±i, [H-i,Hi] = -2Ho (19) 
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The quadratic Casimir is 

The crucial observation is that these Casimir, when written in terms of <p , 
t, u 



H^ = H^ = -H'i + -(HiJJ_i + H_,H{) = -(y^a^ - ydy) + y'd+d- (20) 



= 8.(A8J _ ^±^(Zi_tI«8, _ =i-Lp«,)' (21) 

u — n+ 47rA 



+ — Y& — ^* T^^^> A = TLnR-TRnL 

reduces to the radial equation ([6|), with these identifications 

r+ + r_ r_ — r-). 

= UR = 

The microscopic entropy of the dual CFT can be computed by the Cardy 
formula which matches with the black hole Bekenstein-Hawking entropy 

ScFT = Y {clTl + crTr) (23) 
The central charges of CTMG are 

From the central charges ()24p and temperature (I22p we have 

7rr_|_ 1 7rr_ 

which agrees precisely with the gravity result. The contribution to the 
entropy that is due to the gravitational Chern-Simons (last term in eq. (|25p ) 
was first obtained by Solodukhin [16]. It is curiously proportional to the 
area of the inner horizon rather that of the outer horizon. 



3 Galilean Conformal Algebra in 2-Dimension 

Galilean Conformal Algebra in 2-dimensions can be obtained from contract- 
ing conformal algebra in 2-dimensions [6] . In two dimensions the non-trivial 
generators are given by 

Ln = -{n + 1)^x5, - f^+^du Mn = e^^d, (26) 
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The above generators obey the following commutation relations , where 
define the Galilean conformal algebras. 



[Lm, Ln] = (m - n)Lm+n (27) 

[Lm, Mn] = {m- n)Mm+n 

[M„,M™] = 

2d Conformal algebra at the quantum level are described by two copy of 
Virasoro algebra. 

[£ni, £n] = {m- n)Cm+n + '^m{m'^ - l)5m+nfi (28) 
[Cm-, Cn] = (m - n)Cm+n + ^m{w? - l)5m+nfi 

From these, one obtains centrally extended 2d GCA 

[Lm, Ln] = (m - n)Lm+n + Cim{m^ - l)5m+nfl (29) 
[Lm, Mn] = (m - n)Mjn+n + C2m{m^ - l)5m+nfl 

[M„,M„] = 

GCA central charges Ci and C2 are defined in terms of CFT central charges 

m, 

^ y CL + CR 1 CL-CR 1 

CFT entropy (|23p with the limit (e — )• 0) is converted to Galilean conformal 
entropy, 

Sgca = lim(^[6Ci(TL + Tr) + 6C2( ^^~^'^ )]) (31) 
We define Galilean conformal temperatures as following 

Ti = lim 6{Tl + Tr) T2 = lim 6 ^^ ~ (32) 
the GCA entropy is 

^GCA = y(Ciri + C72r2) (33) 

To make the GCA entropy finite, Tl + Tr ~ 0(1) and Tl - Tr ~ 0(e), 
as a result r-|_ ~ 0(1) and r_ ~ 0(e)- These results appear in the limits 
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of j — )■ ej and m ^ m, that correspond with the result of [7]. Finally 
from Eq. ()22p and above discussion we have introduced finite ni and 722 (in 
non-relativistic limit) in terms of ni and 

riL + riR 

ni = n2 = nL- ur (34) 

4 Massless Scalar field in the background of non- 
relativistic CTMG 

In this section, we will show that for massless scalar field <I>, in non-relativistic 
CTMG there exist a finite Galilean conformal symmetry acting on the so- 
lution space. We consider a bulk massless scalar field ^ propagating in the 
background of (1). The KG equation ([6]) in non-relativistic limit (j — t- ej, 
If — eif) reduce to 

d^{Adu)-\[-, ^1 .d^ (35) 

4 (u — n+)(u — u_) 

-2r'_^r'_{- i - i ,)dtd^]^ = 

(u — n+)(ii — ii_ j (u — u-)[u+ — U-) 

where r'^ = 2\/2Gm and r'_ = ^ ^j- We can show that the above equa- 
tion can be reproduced by the conformal coordinate (jlOp . (jlip in non- 
relativistic limit. is Casimir of SL{2,R)l x SL{2, R)r so 

[H\Ho±i]=Q [H\Ho±i]=0 (36) 

Since, 2D Galilean conformal generators are created by the mixing of 2D 
conformal generators in non-relativistic limit, from Eq. (j36p it can be shown 
that Casimir of conformal group is the same Casimir of Galilean conformal 
group in non-relativistic limit. In another term, since 

H'^ = limH^, Lo±i = lim(i/o±i+^o±i), Mo±i = lirn C^"^^ ^ ) (37) 

e^O e->-0 e->-0 £ 

we have 

l\m[H\Ho±i + Ho±i]=0 ii^[H^ , E^±1±I^] = (38) 

e->0 e-5>0 e 

[^",^o±i]=0 [ii"2,Mo±i] =0. 
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So, the Casimir operator (j2ip in non-relativistic limit is Casimir of GCA 
(H'^ is non-relativistic limit of H^). Finally Casimir operator of GCA is 

H- = a„(A5„) - ^^i§,fd? (39) 

TTA'-^ U — Uj^ u — U- 

, 1 n+ — u_ u+ — u_ n? , „9 ^ ^ 



The above equation is reduced to the radial equation (l35]l . with these iden- 
tifications. 

Ti = ^ T2 = — ni = na = r' (40) 

TT TT 

The microscopic entropy of the dual GCA can be computed by the non- 
relativistic Cardy formula (p3]) . From the central charges ([30]) and temper- 
atures (l40l) we have 



which agrees precisely with the gravity result, (in non-relativistic limit) pre- 
sented in |7]. As we have mentioned in the introduction the authors of [7J 
have studied the Galilean non-relativistic limit of the dual field theory of 
BTZ black hole in CTMG. From the Galilean limit of Virasoro algebra and 
the Galilean limit of the BTZ black hole, they get the result that the entropy 
of the Galilean limit of BTZ black hole is consistent with the entropy calcu- 
lated using Cardy formula from the Galilean limit of the Virasoro algebra. 
This agreement between our result and the result of [7J is interesting, and 
show that the non-relativistic version of the BTZ solution of CTMG really 
has hidden conformal symmetry in the near region of the black hole. In 
the next section by obtaining the absorption cross section we present final 
evidence of the existence of this hidden symmetry. 



5 Absorption cross section 

In this section, we give a brief review for scattering of the scalar field $ 
which propagates in the (contracted) BTZ background [T7]. We calculate 
the absorption cross section, from gravity side and matches the result with 
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2D (GCA) CFT cross section. Two-point function of conformal invariant 
fields is given by [TOl [H] 

where are the coordinates of the 2D CFT and (/i^, hi) are eigenvalues of 
Cq and Cq respectively. Absorption cross section in term of frequency and 
temperature, from Fermi's golden rule |101 118j can be read 

Pahs ~ j dt+dt-e''^^^'-'^^^^[G{t+ - i5,t- - i5) - G{t+ + i6,t- + i(5)](43) 

Using the following integral 

J "^"^^ ^ ' ^sinh[^r(x±i5)]^ r(2A) ^ ^ 2nT' 



the absorption cross section becomes 



From above method, non-relativistic limit of absrption cross section can be 
computed. Non-relativistic limit of two-point function is given by 

limG^(-l)^( . y^eM^O (46) 

e-i>o 12smh(^(t lb zo)) Ji 

where scaling dimension A = hi + hpi is eigenvalue of Lq and rapidity 
i = lim^_^o[e(/iL - hn)] is eigenvalue of Mq. From Eqs.(|13]), (gl]), (gSl) and 
using this relation 



where 



lim(l + = lim exp(/(x)5(x)) (47) 



lim /(x) = 0, lim g{x) = oo (48) 

a;— >fc x—>k 



the cross section for 2D GCA is given by 



Pahs - exp(^e)Tr-^ smh(^) | r(A + z^) f (49) 
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where uji = ujl + ujn. We can study, the absorption cross section of BTZ 
(contracted BTZ), from gravity side, in relativistic (non-relativistic) hmit. 
The results can be verified in agreement with the corresponding results for 
the operator dual to the scalar field in the 2D CFT (gSD (2D GCA (09])). 
The radial part of KG equation 



(□ - m2)$ = (50) 
for massive scalar field <I>, is given by 

[du{Mu) + (— ^ + + C)]R{u) = (51) 

U — Uj^ U — U- 

where 

^4 _ {^r+-mr_f ^ _ {ur_ - mr+f C = — (52) 

A{u+-u-) 4(u+-u_) 4 

The wave function satisfying the ingoing boundary condition at the horizon 
is of the form 

R{z) = z'^{l- ZfF{a,b,c;z) (53) 
where z = , and 



a = \/A /3 = -(1 - Vl - 4C) 7 = (54) 

where 

c = 1 — 2ia a = (3 + i{'y — a) b = 13 — i{'y + a) (55) 



The asymptotic form can be read out by taking the limit z — )■ 1 and 1 — z — )■ 

R{u) ~ Dr^''-^ + Er-^^' (56) 

where 

^ T{c)T{2h - 1) ^ r(c)r(i - 2h) 

T{a)T{h) T{c-a)T{c-b) ^ ' 

and h is the conformal weight 

h='^{l + Vl^) (58) 
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Absorption cross section is captured by the coefficient D, 

Pabs ~| D \-^^ sinli(27ra) | T{a) \^\ T{h) \^ (59) 

To see explicitly that Pabc matches with microscopic greybody factor of the 
dual CFT we need to identify the conjugate charges, SE^ and 5Eji defined 
by 

SSbh = SScFT = + (60) 



we have 



where 



6El = lol 5Er = LOR (61) 



u + m uj-m 

= ^( — \ — V = ^( V 

2(r+ + r_j 2(r+ — r_j 

Hence, the coefficient a, 5 can be expressed in terms of parameters ujl and 

a = hn+i h = h^ + i ^fl (63) 

2ttTr 2ttTl 

where for the scalar field hi = fiR = h. Similarly we have 

2^a = ^ + ^ (64) 

Finally from Eqs. (j59l [63 } [6^ . the absorption cross section can be expressed 
as 

which is the finite temperature absorption cross section for 2D CFT. In 
following, we consider the scattering of non-relativistic limit of BTZ, from 
gravity side, and matches the result with 2D GCA cross section (j49p . The 
radial part of KG equation in non-relativistic limit can be expressed in term 
of Eq. (j5ip . with these identifications 

(ujr', — mr'_Y (ujer'_ — mr'./e)'^ 

Au', 4m', 4 
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From Eqs.([Ml [55]) . we see that 
lim a = Qn = oo, lim b = bn = oo, lim(a + 6) = finite (65) 

e^O e->0 e-i>0 

so coefficient D in non-relativistic limit is given by 

= r(cn)r(2/^ - 1) ^.^ ^^^^ ^^^^ ^ ^^^^ ^ ^gg^ 

i [an + bn) a^co b^oo 

Absorption cross section from gravity side in the non-relativistic limit, is 
captured by coefficient Dn 

Pabs ~| Dn sinh(27ra„) | r(a„ + 6„) p (67) 

To see explicitly that Pabc matches with microscopic greybody factor of the 
dual GCA we need to identify the conjugate charge, 5Ei defined by 

5E 

\\m5SBH = ^Sgca = -TT- (68) 



we have 



where 



bE\ = uj\ = lim((x)i + Lo^) (69) 



wr'i — mr'_ 



Hence, the coefficients a„, 6„ can be expressed in term of parameters uj^ and 
a„ + 6„ = A + i^ (71) 

TT J 1 

where for the scalar field A = 2/i. Similarly we have 

27ra„ = — i (72) 
^\ 

Finally from Eqs.( [67|). ([7T]) . ([72]) . the absorption cross section can be ex- 
pressed as (^ = e(/iL — /ir) = 0) 



:^)|r(A + if' 

which is the absorption cross section for 2D GCA 



P.,.~rr~isinh(^)|r(A + z^)P (73) 



13 



6 Conclusions 



In this paper at first we showed that there exist a holographic 2D CFT 
description for BTZ black hole solution of CTMG. The key ingredient for 
this is the hidden conformal symmetry in the black hole. We considered the 
wave equation of a massless scalar field propagating in CTMG spacetime and 
found the wave equation could be written in terms of the SL{2, R) quadratic 
Casimir. We read the temperatures of the dual CFT from conformal coor- 
dinates. We recovered the macroscopic entropy from the microscopic count- 
ing. Then we extended this study to the non-relativistic limit, and showed 
that there exist a correspondence between GCA2 on the boundary and con- 
tracted BTZ in the bulk. By definition Galilean conformal temperatures as 
equation (f32|) . we could obtain the finite GCA2 entropy by equation (j33|) . 
After that we showed that the radial part of Klein-Gordon (KG) equation 
in the background of contracted BTZ black hole, where {j ej, (p ^ e^p), 
can be given by the non-realtivistic limit of Casimir H^. We could read 
the GCA2 temperatures Ti, T2 from the correspondence of radial part of 
non-relativistic KG equation and GCA Casimir H'^. The temperatures Ti, 
T2 given by equation (140 p are exactly equal with previous formula we have 
obtain in (|32p . Then we calculated the entropy of contracted BTZ black hole 
by using GCA Cardy formula and non-relativistic temperatures. Finally we 
have shown that the absorption cross section of a near-region scalar field 
match precisely to that of microscopic dual GCA side. 
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